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Abstract: Cryogenic treatment (CT) is a relatively new field, which has emerged during the last three decades 
of the twentieth century. However, its impact on material shaping and making tool life, and enhancement of 
their mechanical properties are quite remarkable. The selection of appropriate process parameters for CT is 
essential for cost reduction and optimum productivity. This study focuses on the influence of key parameters of 
CT cycles (i.e., soaking temperature and duration) on the friction and wear behavior of AISI H13 hot die steel 
under dry sliding conditions against hardened and tempered AISI D3 cold work tool steel (counter face) at 
varying sliding speeds and loads. Mathematical models have been developed for wear rate, the average 
coefficient of friction, and maximum contact temperature using the Box-Cox methodology. The developed 
mathematical models have been validated by comparing with the experimental results. Moreover, the optimum 
values of the process parameter have been employed to maximize the output and validate the same by confirmation 
of the experiments. To the best of our knowledge, this is the first study that demonstrates the modeling and 
optimization of sliding friction and wear characteristics of AISI H13 under varied CT cycles. 
 




1  Introduction 
Tools and dies used for the mass production of the 
material forming and shaping industries do not last 
forever because they wear out either by the steady 
growth of wear flats or by the accumulation of cracks, 
which lead to fractures. Consequently, the tool and 
die failure cause a sudden disruption, causing a delay 
in the production schedule. Apart from the lifetime 
of tools and dies, the replacement cost of worn tools 
(consumable cost) and the time to replace worn-out 
tools are significant in materials forming and shaping 
economics [1]. Indeed, a significant part of the 
improvement in the economic productivity of the 
components can be attributed to the use of long life 
tools and dies. Therefore, to further enhance efficiency 
and reduce costs in its operation, it is necessary to 
improve the tool and die materials used. AISI H13 is 
hot die steel (HDS) used for forging dies, inserts, 
punches, molds for die casting of aluminum, zinc, and 
magnesium. Nowadays, one of the latest techniques 
used in the industry to enhance the materials physical 
and mechanical properties is cryogenic treatment 
(CT). In contrast to the surface treatment in CT, the 
bulk properties of the materials as well as the surface 
properties are affected and its effects are permanent 
[2]. Moreover CT enhances the mechanical properties 
of tools and their life-span [3]. Several researchers  
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List of symbols 
B    Load (N) 
C    Sliding velocity (m/s) 
C1    Cryogenic treatment at −154 °C 
C2    Cryogenic Treatment at −184 °C 
CHT    Conventional heat treatment 
CT    Cryogenic treatment 
CWS    Cold work steel 
DCT    Deep cryogenic treatment 
HBW 5/750   Brinell hardness using tungsten ball indenter 
    diameter 5 mm at 750 kg Applied load 
 
HDS  Hot die steel 
SCT  Shallow cryogenic treatment 
ST  Soak time 
T  Tempering 
TM  Maximum contact temperature (°C) 
VFA  Vacuum furnace austenization 
WEDM Wire electrical discharge machine 
WR  Wear rate (gm/m) 
μa  Average coefficient of friction 
 
  
have cited the worthiness of CT and its influence on 
the modification of the morphology of microstructures 
and enhancement in hardness of the CWS and HDS 
[4−7].  
Tribological behavior of CWS 80CrMo12 5 was 
examined by Amini et al. [8] at different cryo-treatment 
holding times (i.e., 0, 6, 24, 48, 72, and 168 h); sliding 
velocity: 0.1, 0.15, and 0.2 m/s; load: 120 N and 160 N; 
up to 1,000 m. They concluded that 48 h soaking time 
at deep cryogenic temperature is optimum to achieve 
maximum wear resistance. Das et al. [9] demonstrated 
the influence of varied cryo-treatment on dry sliding 
wear behavior of AISI D2 CWS at different holding 
times (i.e., 0, 12, 36, 60, and 84 h) at different operating 
parameters of load and sliding velocity in a pin- 
on-disk wear test. They suggested that at DCT 36 h  
is optimum soaking time to achieve maximum wear 
resistance for AISI D2 CWS.  
The wear resistance study of cryogenically treated 
(treatment temperature of −145 °C and soaking times 
of 12, 24, 36, 48, and 60 h) AISI 52100 bearing steel at 
a load of 10–20 N and sliding velocity of  0.15 m/s, 
using the ball-disk arrangement was carried out by 
Gunes et al. [10]. They claimed that 36 h was the 
optimal soaking time at the DCT to enable better 
wear resistance and also reported that delamination 
wear occurred with micro cracks in the DCT samples.  
Yong et al. [11] studied the effect of deep cryogenic 
treatment on tungsten carbide tools for turning. They 
found that cryogenically treated tools have increased 
wear resistance to chipping while performing continuous 
cutting for short periods of time. Chipping times 
achieved were 1.3 times longer than non-cryogenically 
treated tools. Cryogenically treated tools lose their 
wear resistance when exposed to prolonged periods 
of high temperature during continuous cutting. 
Firouzdor et al. [12] demonstrated that deep CT 
enhances the wear resistance and tool life of the M2 
HSS drill when used for dry high-speed drilling of 
normalized CK 40 steel. Precipitation of fine spherical 
carbides (spherical carbides are Fe3 M2, (M = (W,  
Mo, Cr, V) C) as a result of cryogenic treatment is 
responsible for wear resistance improvement. The 
main reason for improving fine carbide precipitation 
is due to super-saturation of martensite with 
decreasing temperature, leading to lattice distortion 
and thermodynamic instability of martensite; therefore, 
both carbon and alloy elements migrate to the nearby 
defects and segregate there which results in the 
formation of fine carbides on the subsequent warming 
up or tempering. As per this study, diffusion wear 
was found as the dominant wear mechanism. Huang 
et al. [13] analyzed the effect of CT on M2 tool steel 
microstructures using TEM and XRD. The results 
showed that CT can facilitate the formation of carbon 
clustering and increase the carbide density, thereby 
improving the wear resistance of steels. Precipitation 
of fine spherical carbides (spherical carbides are Fe3 
M2, (M = (W, Mo, Cr, V) C) because CT is responsible 
for wear resistance improvement. Retained austenite 
eliminates and fine-dispersed eta (ή) carbide is 
precipitated.  
It is evident from the literature review that due to 
the lack of visible changes on cryogenically treated 
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materials and the absence of organized fundamental 
research on the CT process, skepticism prevailed in 
the industry about this promising material treatment 
technique.  
Though some researchers studied the effects of CT 
on the wear behavior of tool steel, but till now no 
research studies have been reported to develop and 
validate the models or to optimize the sliding friction 
and wear characteristics of HDS AISI H13 under varied 
CT cycles. The benefits of CT on the tool and die 
materials can only be exploited to its full potential if 
the CT cycles are optimized for the different grades 
of the tools and die steels according to the desired 
application. In this work, we attempt to develop   
the models of friction and wear behavior of varied 
cryogenically treated (soaking temperature and soaking 
duration) HDS AISI H13 sliding against hardened 
and tempered CWS AISI D3 (counter face) at varying 
sliding speeds and loads on a multi-tribotester under 
dry conditions. Hence, the authors claim the novelty 
of this study.  
Mathematical modeling equations for wear rate 
(WR), average coefficient of friction, and maximum 
contact temperature of varied cryogenically treated 
HDS AISI H13 are developed using the Box-Cox 
method of the response surface methodology (RSM) 
technique. To find the optimized conditions, the 
desirability function approach has been used to 
maximize the output parameter. In the sheet metal 
industry, HDS AISI H13 is used as a die for punching 
operations as well as for flash cutting in forging 
operations with CWS AISI D3 as the punch. This pair 
faces strong challenges regarding wear resistance in 
practical conditions. Hence, the HDS–CWS pair is 
selected for this experimental study. The counter-face 
material has higher hardness than the selected HDS. 
2 Materials and methods 
The AISI H13 material in the shape of round bars of 
diameter 16 mm and in the spheroidized annealed 
condition was used for this study. The chemical com-
position of the material was confirmed with the 
optical spark emission Spectrometer (DV6, Baird, USA), 
following ASTM E 415-2014 standards [14] and given 
in Table 1.  
The hardness of the received material was checked 
with the calibrated optical Brinell hardness tester 
(B-3000(O), Saroj, India), using the Tungsten carbide 
ball of diameter 5 mm at 750 kg load with a dwell 
time of 15 s, as per the ASTM E 10-2008 standards 
[16]. The hardness of the received material is found 
to be in the range of 167–170 HBW 5/750. Blocks of 
6.35 mm × 6.35 mm × 9 mm were machined from round 
bars using WEDM Make: Charmilles Tech. Switzerland 
in the longitudinal direction of received HDS AISI 
H13, as per the ASTM G 77-05 RA 2010 standards [17]. 
Vacuum heat treatment of machined samples was 
performed in the horizontal front loading electrically 
heated vacuum furnace (Hind High Vacuum, Bangalore, 
India, and capacity: 600 mm × 600 mm × 900 mm), at a 
vacuum level maintained to 10−2 mbar, austenization 
temperature of 1,040 °C, soak time at austenization 
temperature of 30 min, nitrogen gas quench to 27 °C 
at a gas pressure of 5 bar. Table 2 provides the details 
of the sample treatment condition and nomenclature. 
After the quenching samples were taken out from the 
furnace and divided into three groups, namely A3T: 
vacuum heat treated and three times tempered for 
2 h, C1: vacuum heat treated plus cryogenic treated 
at −154 °C for varied soak times of 6, 21, and 36 h 
and tempered for 2 h, C2: vacuum heat treated plus 
cryogenic treated at −184 °C for varied soak times of 6, 
21, and 36 h and tempered for 2 h. The A3T group 
samples of HDS H13 were tempered at 550, 570 and 
620 °C respectively for 2 h, coded as H13 A3T, in a 
box-type electrically heated furnace, with a capacity 
of 300 kg, and a temperature range up to 750 °C. The 
C1 and C2 group samples of both grade materials 
were deeply, cryogenically treated at −154 °C and 
Table 1 Chemical composition of HDS steel grade AISI H13 in weight% [15]. 
Element %C %Si %Mn %P %S %Ni %Cr %Mo %V %Co %W
Observed value  0.39 0.88 0.32 0.018 0.007 0.04 5.00 1.27 0.93 0.01 0.18
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−184 °C, respectively, for varied soak times of 6, 21, and 
36 h, with pre- and post-tempering at two different 
temperatures.  
Varied CT was performed in a computer-controlled 
cryogenic processor with a tempering facility up to 
150 °C (Make: Primero Enserve, Chennai, India). To 
maintain the stresses at a minimum level and to avoid 
thermal soaking of the material due to the abrupt 
temperature gradient of the case and core of the 
material, the slow cooling rate (1 °C/min) from ambient 
to deep CT soak temperature and a slow heating rate 
(1 °C/min) from cryo-treatment soak temperature to 
ambient temperature were selected. 
A hardened CWS AISI D3 roller with the following 
dimensions: outer diameter = 60 mm, inner diameter = 
25 mm, and thickness = 20 mm, was used as the 
counter-face material. This roller was hardened and 
tempered to a hardness of 52 HRc and its surface 
roughness was maintained at Ra<0.2 μm. The 
schematic of the wear test setup is shown in Fig. 1. 
Block-on-ring dry sliding wear tests were performed 
to assess the WR, as per the ASTM standards 
designation G77-05 (Reapproved 2010) [17] using a 
multi-tribotester (Model: TR-30-M4, Make: DUCOM 
Instrument Pvt. Ltd. Bangalore, India). To attain the 
surface roughness in the range of 0.152–0.305 μm, faces 
of the blocks were grounded manually using silicon 
carbide emery paper of different grit sizes: 100, 220, 
800, 1,000, 1,200, and 1,400 μm and finely polished  
 
Fig. 1 Schematic presentation of the block on the ring wear test.  
using a diamond slurry of grit size 6 μm with white 
kerosene oil as a suspension media on a rotating 
velvet cloth. Samples were cleaned in hexane prior to 
the wear test. The gap between the static block sample 
and the counter face of the roller was maintained as 
2 mm for each experiment. After each test roller was 
polished using a silicon carbide emery paper of 
different grit sizes: 100, 400 and 1,000 μm they were 
then cleaned with hexane solution to maintain the 
average surface (Ra<0.2 μm). Before and after each 
experiment, the weight of the samples were measured 
using a precision electronic analytical balance (Model: 
HM-200, Make: A&D) with an accuracy of 0.00001 gm 
to calculate the weight loss. A non-contact type infrared 
thermometer (TFI20; Ebro; accuracy: ±2.5% or 2.5 °C; 
Table 2 Heat treatment sequence followed for HDS H13. 
No. Nomenclature Depiction of treatment 
1 A 3T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, three T = 550 °C, 570 °C, 620 °C 
respectively for 2 h. 
2 A T C1(6)T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, T = 550 °C for 2 h, C1, ST = 6 h, 
T = 620 °C for 2 h. 
3 AT C1(21)T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, T = 550 °C for 2 h, C1, ST = 21 h, 
T = 620 °C for 2 h. 
4 AT C1(36)T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, T =550 °C for 2 h, C1, ST = 36 h, 
T = 620 °C for 2 h. 
5 AT C2(6)T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, T = 550 °C for 2 h, C2, ST = 6 h, 
T = 620 °C for 2 h. 
6 AT C2(21)T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, T =550 °C for 2 h, C2, ST = 21 h, 
T = 620 °C for 2 h. 
7 AT C2(36)T VFA = 1,040 
°C, ST = 30 min, nitrogen gas quench, quench pressure = 5 bar, T = 550 °C for 2 h,C2, ST = 36 h, 
T = 620 °C for 2 h. 
* Number in parentheses show the soaking times in h at the cryogenic temperature. 
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resolution: 0.2 °C; measuring range: −30 °C to 180 °C) 
was used to measure the contact temperature at the 
junction of the sample and the counter face.  
The experiments were carried out using normal 
load and sliding velocity in the range of 60–140 N and 
0.628–1.885 m/s, respectively, in dry sliding conditions 
to measure the WR and coefficient of friction. The WR 
of each block was calculated from the weight loss, 
and each test was repeated three times for each 
condition to obtain the average value of weight loss. 
The duration of each experiment was 300 s. A com-
parison of the varied CT with respect to CHT has 
been made to identify its effects on the tribological 
behavior. Investigation of the tribological behavior in 
a range of parameters at various levels was carried 
out for the conventional and varied cryogenically 
treated samples at: (a) varying levels of cryogenic soak 
temperature (i.e., −155 °C and −184 °C), and (b) varying 
levels of cryogenic soak time (i.e., 6, 21, and 36 h). The 
wear test of conventional and varied cryogenically 
treated samples was performed using the full factorial 
design of the experiment. Levels of the input parameter 
for the wear test experiments are shown in Table 3. 
Machine capabilities were taken into consideration 
while selecting the test parameters.  
















deviation SE of mean
A3T 450.2 5.06 2.26 
ATC1(6)T 464.4 4.61 2.06 
ATC1(21)T 443.4 4.21 1.88 
ATC1(36)T 433.6 3.57 1.6 
ATC2(6)T 452.1 4.90 2.19 
ATC2(21)T 434.8 6.37 2.85 
ATC2(36)T 426.4 4.03 1.80 
The average of three replicate values of each run was 
taken as the dependent variable, or response, or yield 
(WR, average coefficient of friction, and maximum 
contact temperature) to account for experimental errors. 
The experimental design was created with Design- 
Expert 7.1 (Stat-Ease, USA), using the full factorial 
design of experiments. This experiment design allows 
one to study the effect of each factor on the response 
variables, as well as their interaction with each other. 
To study the main and interaction effects of one 
categorical and two numeric factors on the response 
parameter, a statistical analysis of variance (ANOVA) 
was performed. To identify whether the factors are 
significant or not, an F-test in ANOVA was used, 
where higher F-values indicate that a factor has 
higher influence on the process. 
Microhardness values (HV1) were obtained for A3T, 
ATC1(6)T, ATC1(21)T, and ATC1(36)T AISI H13 HDS 
at five equally spaced points along the diagonal length 
of each specimen using the micro Vicker hardness 
tester (Model: MVK-H2, Make: Akashi), by following 
the ASTM E384-08a standards [18]. Table 4 depicts the 
results of the mean micro-hardness values along with 
their corresponding standard deviation and standard 
error of mean.  









Fig. 2 FESEM micrograph photo of AISI H13 steel in the 
received condition. 
Table 3 Experimental variables and their different levels used for the block-on-ring dry sliding wear tests as input parameters. 
Code Factor Unit Levels values 
A Treatment Type — A3T ATC1(6)T ATC1(21)T ATC1(36)T ATC2(6)T ATC2(21)T ATC2(36)T
 Treatment Temperature °C −154 −184 
B Load N 60 80 100 120 140 
C Sliding Speed m/s 0.628 0.942 1.257 1.571 1.885 
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material before the treatment. It depicts the globular 
carbides in the matrix of ferrite [19]. The microstructure 
of the received material indicates that the material is 
in an annealed condition which is necessary for the 
machining operation to prepare the samples. 
The micrograph photo of the material after the 
treatment is shown in Fig. 3, which clearly shows the 
even distribution of the precipitated fine secondary 
globular carbide in the matrix of tempered martensite. 
Moreover, the results are in concurrence with previous 
studies [5, 9, 11] that reported the enhancement of 
numerous secondary carbides and the formation of 
homogenous carbides, which is responsible for the 
strengthening of the matrix, load bearing capacity, 
and wear resistance of tools and dies.  
 
Fig. 3 FESEM image of the cryogenic treated sample of 
AISI-H13. 
3 Results and discussion 
The collection of experimental data for the dependent 
variable, or response (WR, average coefficient friction, 
and rise in maximum contact temperature) permits the 
estimation of all main and interaction effects. Response 
surface methodology (RSM) was used to optimize the 
experiment variables that produce desirable values of 
the response. The results and discussion are divided 
between the following sections: 
3.1 Evaluation of WR at dry sliding conditions for 
AISI-H13 
Figure 4 shows the normal plot of residuals distribution 
and illustrates that the residuals follow a normal 
distribution, as residuals follow a straight line except 
a few are scattered at the upper and lower ends. 
Diagnosis of the internally studentized residuals 
versus the experimental run order in the case of WR is 
shown in Fig. 5. The studentized residuals method is 
commonly used to detect discrepant data and is defined 
as the residual divided by the estimated standard 
deviation of that residual. Figure 5 gives the residuals 
versus run order plot. It presents the random scatter 
in the range of ±3 standard deviations and all points 
are well fitted in the model. To determine the outlier 
data or values which are not easily predicted by the 
model, diagnosis of the response value as a function 
of the predicted response value in the case of WR is 
performed. 
Figure 6 represents the actual versus the predicted 
response values in the case of WR at the dry sliding 
condition. It indicates the adequacy of the model over 
the range of data; as all the data points are scattered 
about the 45° diagonal reference line. The line just  
 
Fig. 4 Normal plot of residuals for WR.  
 
Fig. 5 Distribution of residuals over the experimentation run 
order for WR. 
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Fig. 6 Predicted versus actual response values for WR.  
passes through the middle of the data over a whole 
range of the data. In this case, the response of WR to 
the input variables varies from the minimum value of 
1.69  10−5 to 1.48  10−4. The ratio of maximum to 
minimum in this case (87.87) is greater than the thres-
hold limit of 10; this indicates that the transformation 
may be desirable. The normality of the process can 
always be improved by stabilizing the variance, which 
can be performed by the transformation. 
To obtain a simple, normal, linear model that 
satisfies the aims of homogeneity of variance and 
normality data, the Box-Cox method was used to 
determine the power transformation for the dependent 
variable. Figure 7 shows the Box-Cox plot obtained 
using Design-Expert 7.1 software within ±3 standard 
deviations. The legend information on the left of 
Fig. 7 indicates that the minimum in Ln(Residual SS) 
occurs when λ = 0.0, the best λ value indicated in  
the plot by the long vertical (green line) at the center 
of the U-shaped curve. The point where the solid 
horizontal line cuts the U-shaped curve (identified by 
short pink lines) defines the upper and lower 95% 
confidence interval limit for the best λ value. The 
interval is −0.03 < λ < 0.03 and does not include λ = 1 
(Fig. 7), thus ensuring that transformation will be 
helpful. The maximum likelihood estimate of λ is 
that value of λ which minimizes the error sum     
of squares of the fitted model. Design-Expert 7.1 
recommends the log transformation (λ = 0) for the 
best fit of the model. The short vertical line (blue line) 
in Fig. 7 indicates the current transformation, which 
is the best-suggested transformation at λ = 0. 
 
Fig. 7 Box-Cox plot for power transformation in the case of WR. 
The selection of the model for the analysis is carried 
out using the data of coefficient of determination   
of the regression (R-squared). The R-squared values   
of data for different models obtained using Design- 
Expert 7.1 software are shown in Table 5. The 
“R-squared” values near to 1, always indicate that a 
regression line fits the data well. The suggested model 
for the data is cubic, with the “adjusted R-squared” 
value of 0.9986, “predicted R-Squared” value of 0.9981 
and the p-value (Prob > F) < 0.0001.  
After the elimination of all insignificant terms, 
ANOVA is modified manually by choosing the 
significant terms as shown in Table 6. In the new model, 
the overall F-test value is improved to 8,780.09 and 
remains significant with 13 degrees of freedom. 
Therefore, the modified model has all the significant 
terms, i.e., A, B, C, BC, B2, C2, BC2, and C3. In the 
individual factors, the strongest influence on the WR 
is found to be of the sliding velocity (with highest F 
value of 93,708.8), followed by load and treatment 
type. The significant influencing effect among the 
interaction is of BC only. The values of different tests 
under coefficient of regression analysis are determined 
and compared, as shown in Table 7. The “predicted 
R-Squared” value of 0.9983 is in reasonable agreement 
with the “adjusted R-Squared” value of 0.9985 in this 
model. Adequate precision, “Adeq precision” measures 
the signal to noise ratio. The reduced cubic model 
has an Adeq precision of 311.77, which is better  
than the full cubic model, and much higher than the 
minimum required value of four. The model can be 
used to navigate the design space, where the log of 
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WR can be expressed by the following final regression 
equations: 
Type of treatment: A3T 
Log10(WR) =(−4.15 + 0.02 × B − 7.84 × C + 3.72E − 003 × 
B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.62E − 003 × B × 
C2 − 2.02 × C3)            (1) 
Type of treatment: ATC1(6)T 
Log10(WR)  = (−4.19 + 0.02 × B − 7.84 × C + 3.72E − 
003 × B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.62E − 003 
× B × C2 − 2.02 × C3              (2) 
Type of treatment: ATC1(21)T 
Log10(WR) =(−4.23 + 0.016 × B − 7.84 × C + 3.72E − 003 × 
B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.620E − 003 × B × 
C2 − 2.02 × C3)            (3) 
Type of treatment: ATC1(36)T 
Log10(WR)  =(−4.24 + 0.02 × B − 7.84 × C + 3.72261E − 
003 × B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.62E − 003 
× B × C2 − 2.02 × C3)                   (4) 
Type of treatment: ATC2(6)T 
Log10(WR) =(−4.27 + 0.01 × B − 7.84 × C + 3.72E − 003 × 
Table 5 R-Squared values for different models in case of wear rate. 
Source Standard deviation R-squared Adjusted R-squared Predicted R-squared PRESS Remarks 
Linear 0.14 0.9428 0.94 0.9363 3.45  
2FI 0.12 0.9577 0.9518 0.945 2.97  
Quadratic 0.12 0.961 0.9551 0.9486 2.78  
Cubic 0.021 0.999 0.9986 0.9981 0.1 Suggested
Table 6 Modified ANOVA for the case of WR. 
Source Sum of squares DF Mean Square F value p-value Prob > F Remarks 
Model 53.98 13 4.15 8780.09 < 0.0001 Significant 
A-type of treatment 0.43 6 0.072 152.16 < 0.0001 Significant 
B-load 6.22 1 6.22 13142.7 < 0.0001 Significant 
C-sliding velocity 44.32 1 44.32 93708.7 < 0.0001 Significant 
BC 0.8 1 0.8 1685.4 < 0.0001 Significant 
B2 0.11 1 0.11 239.04 < 0.0001 Significant 
C2 0.069 1 0.069 146.6 < 0.0001 Significant 
BC2 0.05 1 0.05 105.74 < 0.0001 Significant 
C3 1.99 1 1.99 4199.96 < 0.0001 Significant 
Residual 0.076 161 4.73E–04    
Corrected total 54.06 174     
Table 7 Values of coefficient for full and modified cubic models from ANOVA analysis. 
Full cubic model Reduced cubic model 
Coefficient of regression Value Coefficient of regression Value 
Standard deviation 0.021 Standard deviation 0.022 
Mean –4.60 Mean –4.60 
C.V. % 0.45 C.V. % 0.47 
PRESS 0.10 PRESS 0.090 
R-squared 0.9990 R-squared 0.9986 
Adjusted R-squared 0.9986 Adjusted R-squared 0.9985 
Predicted R-squared 0.9981 Predicted R-squared 0.9983 
Adeq precision 184.323 Adeq precision 311.677 
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B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.62E − 003 × B × 
C2 − 2.02 × C3)           (5) 
Type of treatment: ATC2(21)T 
Log10(WR) =(−4.31 + 0.02 × B − 7.84 × C + 3.72E − 003 × 
B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.621770E − 003 × 
B × C2 − 2.02 × C3)             (6) 
Type of treatment: ATC2(36)T 
Log10(WR) =(−4.18 + 0.02 × B − 7.84 × C + 3.72E − 003 × 
B × C − 3.80E − 005 × B2 + 7.87 × C2 − 3.62E − 003 × B × 
C2 − 2.02 × C3)             (7) 
The validation of Eqs. (1)–(7) is confirmed by 
comparing the trends of the experimental values of 
WR with the corresponding theoretical values obtained 
from the ANOVA analysis of the model (Fig. 8) at 
varying sliding speeds and loads. Figure 8 shows the 
similar experimental and theoretical results with an 
average maximum error of 9% in the corresponding 
 
Fig. 8 Comparison of theoratical and experimental results for WR at varying sliding speeds and loads: (a) 60 N, (b) 80 N, (c) 100 N, (d) 120 N,
and (e) 140 N in the case of varied treatments: A3T, ATC1(6)T, ATC1(21)T, ATC1(36)T, ATC2(6)T, ATC2(21)T, and ATC2(36)T.  
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values. This confirms the validation of the model 
equations obtained for the WR from this analysis and 
is thus acceptable. 
It is observed that at a sliding speed of 0.628 m/s to 
1.257 m/s, the WR increases slowly, after that a sharp 
increase in WR is evidenced at a sliding speed from 
1.257 m/s to 1.571 m/s and it shows a decreasing trend 
at higher sliding speeds, i.e., 1.885 m/s for selected 
loads (60–140 N) for conventionally treated and all 
types of cryogenic treated material under investigation.  
The worn surfaces are shown in Fig. 9. Worn 
surfaces depict the fractured ridges, surface cracks, 
and deformation lips as well as wear debris in the shape 
of large chunks of metalic plates for all the treatment 
conditions. On the other hand, the sizes of the debris 
metal plates vary with the treatment conditions and 
operating parameter, i.e., sliding velocity and applied 
normal load. The size of the wear debris found in the 
case of the CHT group samples is more compared  
to the cryogenic treated samples. In the case of the 
sample which was subjected to the 36 h soak time, at 
the CT temperature displayed surface cracks, fractured 
ridges, deformation lips, and wear debris in the shape 
of metal sheets, indicative of delamination wear [20]. 
The severe plastic deformation of the samples (ATC2 
(36) T) due to the lower hardness is indicated in Table 4. 
 
Fig. 9 FESEM micrograph photos of the worn surfaces 
generated under the wear test at a normal load of 140 N and 
sliding velocity of 1.885 m/s for different treatments: (a) A3T, (b) 
ATC1(6)T, (c) ATC1(21)T, and (d) ATC1(36)T. Insets represent 
the wear debris generated in the respective sample.  
3.2 Evaluation of average coefficient of friction (μa) 
at dry sliding condition for AISI-H13 
Figure 10 illustrates the analysis for the distribution of 
the residuals, and indicates that the residuals follow 
a normal distribution. Diagnosis of the internally 
studentized residuals versus the experimental run 
order in the case of the coefficient of friction, shown 
in Fig. 11, illustrates the random scatter in the range 
of ±3 standard deviations with all the points well 
fitted in the model. Thus, it proves the acceptability 
of the model and shows that the model satisfies the 
assumption for the ANOVA. The actual versus the 
predicted response values in the case of the average 
coefficient of friction are presented in Fig. 12, which 
depicts that the whole range of data points are 
scattered about the 45-degree diagonal reference line 
of the data. In this case, the response of the average 
coefficient of friction to the input variables varies 
from the minimum value of 0.17 to 0.22. The ratio of  
 
Fig. 10 Normal plot of residuals for the average coefficient of 
friction. 
 
Fig. 11 Distribution of residuals over the experimentation run 
order for the average coefficient of friction. 
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Fig. 12 Predicted versus actual response values for the average 
coefficient of friction. 
maximum to minimum (1.33) is less than the threshold 
limit of 10, and thus it does not indicate the preference 
of transformation.  
To further confirm this, the Box-Cox method is 
used to determine the power transformation for the 
dependent variable. Figure 13 shows the Box-Cox plot 
obtained using Design-Expert 7.1 software. The legend 
information on the left of Fig. 13 indicates that the 
minimum in Ln(Residual SS) occurs when λ = −1.39, 
the best λ value is indicated in the graph by the long 
vertical (green line) at the center of the U-shaped 
curve. The point where the solid horizontal line cuts  
 
Fig. 13 Box-Cox plot for the average coefficient of friction. 
the U-shaped curve (identified by the short pink lines) 
defines the upper and lower 95% confidence interval 
limit for the best λ value. The interval is −2.43 < λ < 
−0.3 and does not include λ = 1 (Fig. 13), thus ensuring 
that transformation will be helpful. Design-Expert 7.1 
software recommends using the power transformation 
for the best fit of the model although one cannot 
rule out log, square root, inverse square root, or 
inverse transformation, as these all fall within the 
95% confidence region. The current recommended 
transformation is at λ = 1 (indicated by blue line), 
which is a power transformation and is quite near to 
the best transformation at λ = −1.39.  
Table 8 gives R-squared values of data for different 
models. The “R-squared” value near to one always 
indicates that a regression line fits the data well.  
The suggested model for the data is linear, with the 
“adjusted R-squared” value of 0.9974 and “predicted 
R-Squared” value of 0.9966, with the p-value (Prob > F) 
< 0.0001. After elimination of the insignificant terms, 
the modified ANOVA is shown in Table 9. 
In the new model, the overall F-test value is improved 
to 1,547.724 and remains significant with 42 degrees 
of freedom. Therefore, the modified model has all the 
significant terms. In the individual factors, the strongest 
influence on the coefficient of friction is found to    
be due to the “A-type of treatment” (with the highest 
F value of 8,175), followed by load. The value of 
different tests under the coefficient of regression 
analysis was determined and compared as shown in 
Table 10. The “predicted R-squared” value of 0.9965 is 
in reasonable agreement with the “adjusted R-squared” 
value of 0.9973 in this model. The reduced cubic model 
has an Adeq precision of 149.70, which is better than 
the full linear model, and much higher than the 
minimum required value of four. The model can be 
used to navigate the design space, where the power  
Table 8 R-Squared values for different models in the case of coefficient of friction. 
Source Standard deviation R-squared Adjusted R-squared Predicted R-squared PRESS Remarks 
Linear 4.44E−03 0.903 0.8983 0.8913 3.67E−03  
2FI 1.60E−03 0.9884 0.9869 0.9846 5.20E−04  
Quadratic 1.42E−03 0.991 0.9896 0.9876 4.19E−04  
Cubic 7.10E−04 0.9981 0.9974 0.9966 1.15E−04 Suggested 
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of the coefficient of friction can be expressed by the 
following final regression equations: 
Type of treatment: A3T 
(μa)1 = (+ 0.25 − 6.15E − 004 × B − 2.17E − 003 × C − 
4.27E − 005 × B × C + 4.55 E − 006 × B2 − 7.082E − 003 × 
C2 − 1.67E − 008 × B3)                                       (8) 
Type of treatment: ATC1(6)T 
(μa)1 = (+0.25 − 9.37E − 004 × B + 0.01 × C − 9.29E − 005 
× B × C + 6.84E − 006 × B2 − 3.49E − 003 × C2 − 1.67E − 
008 × B3)                 (9) 
Type of treatment: ATC1(21)T 
(μa)1 = (+0.25 − 1.03E − 003 × B + 6.27E − 003 × C − 
7.46E − 005 × B × C + 7.19E − 006 × B2 − 1.86E − 003 × 
C2 − 1.67E − 008 × B3)             (10) 
Type of treatment: ATC1(36)T 
(μa)1 = (+0.27 − 1.32E − 003 × B + 4.95E − 004 × C − 
2.96E − 005 × B × C + 8.49E − 006 × B2 − 6.83E − 004 × 
C2 − 1.67E − 008 × B3)          (11) 
Type of treatment:ATC2(6)T 
(μa)1 = (+0.20 − 5.24E − 004 × B − 7.60E − 004 × C + 
5.41E − 006 × B × C + 4.83E − 006 × B2 − 3.48E − 004 × 
C2 − 1.67E − 008 × B3)        (12) 
Type of treatment: ATC2(21)T 
(μa)1 = (+0.20 − 5.24E − 004 × B − 7.61E − 004 × C + 
Table 9 Modified ANOVA for the coefficient of friction. 
Source Sum of squares DF Mean square F value p-value Prob > F  
Model 0.033706 42 0.000803 1547.724 <0.0001 Significant 
A-type of treatment 0.025435 6 0.004239 8175.511 <0.0001 Significant 
B-load 0.003596 1 0.003596 6935.531 <0.0001 Significant 
C-sliding velocity 0.001468 1 0.001468 2831.016 <0.0001 Significant 
AB 0.000828 6 0.000138 266.2975 <0.0001 Significant 
AC 0.002028 6 0.000338 652.0205 <0.0001 Significant 
BC 2.82E−05 1 2.82E−05 54.47658 <0.0001 Significant 
B2 6.59E−05 1 6.59E−05 127.0982 <0.0001 Significant 
C2 1.95E−05 1 1.95E−05 37.66527 <0.0001 Significant 
ABC 3.89E−05 6 6.48E−06 12.5059 <0.0001 Significant 
AB2 0.000162 6 2.71E−05 52.20676 <0.0001 Significant 
AC2 2.59E−05 6 4.32E−06 8.325649 <0.0001 Significant 
B3 9.02E−06 1 9.02E−06 17.4038 <0.0001 Significant 
Residual 6.84E−05 132 5.19E−07    
Corrected total 0.033774 174     
Table 10 Coefficients of regression for the full and modified cubic models from ANOVA analysis. 
Full linear model Reduced linear model 
Coefficient of regression Value Coefficient of regression Value 
Standard deviation 0.00071 Standard deviation 7.20E−04 
Mean 0.190205 Mean 0.19 
C.V. % 0.37331 C.V. % 0.38 
PRESS 0.000115 PRESS 1.18E−04 
R-squared 0.998074 R-squared 0.998 
Adjusted R-squared 0.997403 Adjusted R-squared 0.9973 
Predicted R-squared 0.996593 Predicted R-squared 0.9965 
Adeq precision 147.8705 Adeq precision 149.705 
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5.41E − 006 × B × C + 4.82E − 006 × B2 − 3.48E − 004 × 
C2 − 1.67E − 008 × B3)        (13) 
Type of treatment: ATC2(36)T 
(μa)1 = (+ 0.20 − 5.24E − 004 × B − 7.61E − 004 × C + 
5.41E − 006 × B × C + 4.83E − 006 × B2 − 3.48E − 004 × 
C2 − 1.67E − 008 × B3)                           (14) 
The validation of Eqs. (8)–(14) is confirmed by 
comparing the trends of experimental values of   
the average coefficient of friction in the wear test 
experiments with the corresponding theoretical values 
obtained from the ANOVA analysis of the model 
(Fig. 14) at varying sliding speeds and loads. The graphs 
demonstrate similar experimental and theoretical results 
with an average error of 3% in the corresponding 
values. This confirms the validation of the model 
equations obtained for the average coefficient of friction 
from this analysis and is thus acceptable. 
 
Fig. 14 Comparison of the theoretical and experimental results for the average coefficient of friction during the wear test at varying 
sliding speeds and loads: (a) 60 N, (b) 80 N, (c) 100 N, (d) 120 N, and (e) 140 N in the case of various treatments: A3T, ATC1(6)T, 
ATC1(21)T, ATC1(36)T, ATC2(6)T, ATC2(21)T, and ATC2(36)T.  
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3.3 Evaluation of the maximum contact temperature 
during the dry sliding condition for HDS AISI 
H13 
Figure15 presents a distribution of the residuals for 
this analysis, and indicates that the residuals follow a 
normal distribution. Figure 16 illustrates the diagnosis 
of the internally studentized residuals versus the 
experimental run order for the case of contact tem-
perature. This plot presents the random scatter in the 
range of ±3 standard deviations and all the points are 
well fitted in the model. The random scatter is found 
within the range of ±3 standard deviation for internally 
studentized residuals. The process has the similar 
trend about the mean line and is stable, which proves 
the acceptability of the model and shows that the model 
satisfies the assumption for the ANOVA. Figure 17 
represents the actual versus the predicted response 
values for the case of contact temperature. It indicates 
the adequacy of the model over the range of data; as 
all the data points are scattered about the 45 degree 
diagonal reference line.  
 
Fig. 15 Normal plot of residuals for maximum contact temperature. 
 
Fig. 16 Distribution of residuals over the experimentation run 
order for maximum contact temperature. 
 
Fig. 17 Predicted as a function of actual response values for 
maximum contact temperature. 
In this case, the response of contact temperature  
to the input variables varies from the minimum value 
of 21.6 to 93.0. The ratio of maximum to minimum  
is 4.30, which is well within the threshold limit of 10, 
therefore, does not indicate the preference of trans-
formation. To further confirm this, the Box-Cox method 
was used to determine the power transformation for 
the dependent variable. Figure 18 shows the Box-Cox 
plot within ±3 standard deviations. The legend infor-
mation on the left of Fig. 18 indicates that the minimum 
in Ln(Residual SS) occurs when λ = −0.08, the best λ 
value indicated in the plot by the long vertical (green 
line) at the center of the U-shaped curve. The point 
where the solid horizontal line cuts the U-shaped 
curve (identified by short pink lines) defines the upper 
and lower 95% confidence interval limit for the best λ 
value. The interval is −0.36 < λ < 0.19 and does not 
include the λ = 1 (Fig. 18), thus ensuring that the 
transformation will be helpful. Design-Expert 7.1 
software recommends the log transformation (λ = 0)  
 
Fig. 18 Box-Cox plot for power transformation in the case of 
maximum contact temperature. 
80 Friction 5(1): 66–86 (2017) 
 | https://mc03.manuscriptcentral.com/friction 
 
for the best fit of the model although one cannot rule 
out linear, cubic, quadratic and square root, trans-
formation, as all these fall within the 95% confidence 
region. The short vertical blue line in Fig. 18 at λ = 0 
indicates the current transformation, which is quite 
near to the best-suggested transformation at λ = −0.08. 
The R-squared values of data for different models 
obtained using Design-Expert 7.1 software are shown 
in Table 11. The “R-squared” value near to one always 
indicates that a regression line fits the data well. The 
suggested model for the data is cubic, with the 
“adjusted R-squared” value of 0.9905 and “predicted 
R-squared” value of 0.9840, with the p-value (Prob >  
F) < 0.0001. To obtain a more desirable model, all 
insignificant terms are eliminated and the ANOVA is 
modified accordingly, as shown in Table 12. In the 
new model, the overall F-test value is improved to 
481.2 and remains significant with 30 degrees of 
freedom. Therefore, the modified model has all the 
significant terms, i.e., A, B, C, AB, AC, BC, BC2, and 
AB2. In the individual factors, the strongest influence 
on the contact temperature is found to be due to C: 
sliding velocity (with the highest F value of 9,760.87), 
followed by load and treatment type. The next 
significant influencing effects among the interaction 
are due to B: load, A: type of treatment, and AB. In the 
second order term, the strongest influence is found  
to be that of BC2.  
The values for different tests under the coefficient 
of regression analysis are determined and compared 
as shown in Table 13. The “predicted R-squared” value 
of 0.9844 is in reasonable agreement with the “adjusted 
R-squared” value of 0.9881 in this model. The reduced 
quadratic model has an Adeq precision of 98.502, 
which is better than the full cubic model, and much 
higher than the minimum required value of four. The 
model can be used to navigate the design space, where 
the log of contact temperature can be expressed by the  
Table 11 R-Squared values for different models in case of maximum contact temperature. 
Source Standard deviation R-squared Adjusted R-squared Predicted R-squared PRESS  
Linear 7.30E−03 0.9325 0.9292 0.9245 9.89E−03  
2FI 5.37E−03 0.9663 0.9617 0.9532 6.13E−03  
Quadratic 4.66E−03 0.975 0.9712 0.9645 4.65E−03  
Cubic 3.30E−03 0.9893 0.9856 0.9789 2.76E−03 Suggested 
Table 12 Modified ANOVA for maximum contact temperature. 
Source Sum of Squares DF Mean Square F Value p-value Prob > F  
Model 3.85 30 0.13 481.2 <0.0001 Significant 
A-type of treatment 0.062 6 0.01 38.43 <0.0001 Significant 
B-load 1.56 1 1.56 5827 <0.0001 Significant 
C-sliding velocity 2.07 1 2.07 7751.78 <0.0001 Significant 
AB 0.11 6 0.019 69.9 <0.0001 Significant 
AC 0.018 6 3.05E−03 11.42 <0.0001 Significant 
BC 0.013 1 0.013 50.19 <0.0001 Significant 
B2 4.95E−04 1 4.95E−04 1.85 0.1755  
C2 2.09E−03 1 2.09E−03 7.81 0.0059 Significant 
AB2 0.014 6 2.25E−03 8.44 <0.0001 Significant 
BC2 7.50E−03 1 7.50E−03 28.09 <0.0001 Significant 
Residual 0.038 144 2.67E−04    
Corrected total 3.89 174     
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following final regression equations: 
Type of treatment: A3T 
Log10(TM) = (+1.04  + 3.43 − 003 × B − 0.10 × C + 4.22E − 
003 × B × C − 9.43E − 006 × B2 + 0.12 × C2 − 1.40E − 003 
× B × C2)                   (15) 
Type of treatment: ATC1(6)T 
Log10(TM) = (+1.20  + 7.52E − 004 × B − 0.09 × C + 4.22E 
− 003 × B × C + 1.04E − 006 × B2 + 0.12 × C2 − 1.40E − 
003 × B × C2)                    (16) 
Type of treatment: ATC1(21)T 
Log10(TM)= (+1.14  + 4.29E − 003 × B − 0.16 × C + 4.22E 
− 003 × B × C − 1.66E − 005 × B2 + 0.12 × C2 − 1.40E − 
003 × B × C2)                       (17) 
Type of treatment: ATC1(36)T 
Log10(TM)= (+1.37  + 2.59E − 004 × B − 0.13 × C + 4.22E 
− 003 × B × C − 5.01E − 006 × B2 + 0.12 × C2 − 1.40E − 
003 × B × C2)           (18) 
Type of treatment: ATC2(6)T 
Log10(TM) = (+1.64  − 6.01E − 003 × B − 0.15 × C + 4.22E 
− 003 × B × C + 2.73E − 005 × B2 + 0.12 × C2 − 1.40E − 
003 × B × C2)                   (19) 
Type of treatment: ATC2(21)T 
Log10(TM) = (+1.26  + 1.07E − 003 × B − 0.13 × C + 4.22E 
− 003 × B × C − 5.65E − 006 × B2 + 0.12 × C2 − 1.40E − 
003 × B × C2)                   (20) 
Type of treatment: ATC2(36)T 
Log10(TM) = (+1.04  + 3.40E − 003 × B − 0.10 × C + 
4.227E − 003 × B × C − 9.30E − 006 × B2 + 0.12 × C2 − 
1.40E − 003 × B × C2)                 (21) 
The validation of Eqs. (15)–(21) is confirmed by 
comparing the trends of experimental values of 
temperature at the junction of the block sample with 
the ring and with the corresponding theoratical values 
obtained from the ANOVA analysis of the (Fig. 19) at 
varying sliding speeds and loads. The graphs show 
similar experimental and theoratical results, with an 
average error of 8% in the corresponding values. This 
confirms the validation of the model equations obtained 
for contact temperature from this analysis and is thus 
acceptable. 
It is observed that as the sliding velocity varies 
from 0.628 m/s to 1.885 m/s, the maximum contact 
temperature increases (from 21.6 °C to 93.0 °C) for 
selected loads (60–140 N) for the conventionally treated 
and all types of cryogenically treated material under 
investigation. As the temperature increases, the WR 
decreases. 
The effects of macroscopic temperature on wear 
behavior of friction pairs were evaluated using the 
relationship of sliding velocity and Peclet number 
(Pe). The Peclet number (Pe) for this study ranges 
from 0.86 to 7.7, which is less than 10. As the sliding 
velocity, or Pe increases, the maximum surface contact 
temperature decreases due to the transfer of heat to 
the moving mass.  
While the front edge of the moving mass approaches 
the heat supply source, it is at a lower surface tem-
perature in comparison to the heat source. The thermal 
diffusivity and heat capacity of the material is finite. 
Hence, to take in heat and to increase its temperature, 
this requires time. With the increase in moving mass 
Table 13 Values of coefficient for full and modified quadratic models from ANOVA analysis. 
Full linear model Reduced linear model 
Coefficient of regression Value Coefficient of regression Value 
Standard deviation 0.015 Standard deviation 0.016 
Mean 1.65 Mean 1.65 
C.V. % 0.88 C.V. % 0.99 
PRESS 0.062 PRESS 0.061 
R-squared 0.9930 R-squared 0.9901 
Adjusted R-squared 0.9905 Adjusted R-squared 0.9881 
Predicted R-squared 0.9840 PredictedR-squared 0.9844 
Adeq precision 89.217 Adeq precision 98.502 
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velocity, it spends less time underneath the heat source 
for a specific volume of material. Thus, the increase 
in temperature will be less [21].  
4 Optimization 
The desirability function approach of the RSM 
technique has been used in this study to determine 
the optimum parameters to achieve a low value of WR, 
average coefficient of friction, and maximum contact 
temperature. This study has three different responses 
for the variables, each of which is modeled with a 
different polynomial equation. The model for WR is  
a natural log, the model for the average coefficient  
 
Fig. 19 Comparison of the theoratical and experimental results for the rise in contact temperature during the wear test at varying
sliding speeds and loads: (a) 60 N, (b) 80 N, (c) 100 N, (d) 120 N, and (e) 140 N in the case of various treatments: A3T, ATC1(6)T, 
ATC1(21)T, ATC1(36)T, ATC2(6)T, ATC2(21)T, and ATC2(36)T.  
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of friction is linear and the model for the contact 
temperature is a natural log. Accordingly, each will 
have a different graph with different optimal factor 
settings. The values of the variables with maximum 
total desirability are considered to be optimal parameter 
conditions. The ranges and goals of each input process 
parameter and measured response (optimization 
criterion) are provided in Table 14, which is used   
to minimize the rate of wear, average coefficient of 
friction, and contact temperature, with the highest 
desirability function for the optimized setting for the 
desired output response. 
The default value of “1” for the weight is assigned 
to the variables to achieve the maximum desirability 
function by giving equal weight to all goals. Considering 
the importance of each variable value given in Table 14, 
a set of 24 optimal solutions with the highest desirability 
function are obtained within the specifically designed 
space constraints. Table 14 illustrates the optimized 
results for minimizing the tribological parameters by 
considering seven combinations of categorical factor 
levels and the results are summarized in Table 15. 
Further, conformity tests are carried out under  
the same conditions to validate the adequacy of the 
mathematical correlations. The objective of the con-
firmation experiments is to demonstrate the validity 
of the mathematical model derived from a designed 
experiment. The average of the results from the 
confirmation experiment is compared with the predicted 
average based on the parameters and levels tested,  
as shown in Table 16, which illustrates that the 
experimental values are in reasonable agreement with 
the predicted response values. The variations between 
the experimental and the predicted results are of the 
order of 2%–9%.  
3D plots for desirability are constructed to consider 
the different possible combinations of the numeric 
variables as load and sliding velocity at the abscissa 
Table 14 Constraints for determining the optimum values of the tribological parameters. 
Parameter Goal Weight Importance 
Type of treatment (A) A3T ≤ A ≤ ATC(36)T 1 3 
Load (B), N 60 ≤ B ≤ 140 1 3 
Sliding velocity (C), m/s 0.628 ≤ C ≤ 1.885 1 3 
Wear rate, WR (D), gm/m 1.69 × 10−5 ≤ D ≤ 1.48 × 10−4  1 5 
Average coefficient of friction (E) 0.16 ≤ E ≤ 0.22 1 3 
Contact temperature (F), °C 21.6 ≤ F ≤ 93 1 3 









WR (D),  
g/m 
Average coefficient 
of friction, (E) 
Contact temperature 
(F), °C Desirability
1 ATC2(21)T 60 0.687 1.73E−06 0.18 26.46 0.89 
2 ATC2(21)T 60 0.682 1.73E−06 0.18 26.41 0.89 
3 ATC2(21)T 60 0.696 1.73E−06 0.18 26.54 0.89 
4 ATC2(21)T 60 0.703 1.74E−06 0.18 26.61 0.89 
5 ATC2(21)T 60 0.661 1.74E−06 0.18 26.23 0.89 
Table 16 Results of the conformity tests for the tribological parameters. 
Process parameter Response parameter (predicted value) 
Response parameter 



















1 ATC2(21)T 60 0.687 1.73E−06 0.18 26.46 1.88E−06 0.18 24.5 8.67 2.08 7.41
2 ATC2(21)T 60 0.682 1.73E−06 0.18 26.41 1.83E−06 0.19 27.4 5.78 2.63 3.73
3 ATC2(21)T 60 0.696 1.73E−06 0.18 26.54 1.80E−06 0.19 24.9 4.04 3.19 6.18
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(Fig. 20(a)), keeping all the response variables at the 
minimum to achieve the maximum possible life. The 
chosen categorical factor is ATC2(21)T following the 
result as shown in Table 15. Respective contour plots 
of desirability as a function of sliding velocity and 
loads are shown in Fig. 20(b). It can be interpreted 
from Figs. 20(a) and 20(b) that the overall desirability 
value is less in the region of the higher value of the 
load and sliding velocity. The desirability value is 
higher at the lower load and sliding velocity. The 
contour plot of Fig. 20(b) shows the sensitivity of  
the results to the condition. The optimal region was 
located in the lower left-side of the plot closer to the 
smaller values of the applied load and sliding velocity, 
represented by the maximum value of the predicted 
desirability (red colored region), which is 0.89. This 
region displayed overall the greatest desirability of 
0.89 at the center. The change in color of the region 
while moving away from the highest desirability point 
indicates a gradual reduction of the desirability. The 
sensitivity of the response is also indicated by the 
shape of the contour lines in Fig. 20(b). 
 
Fig. 20 (a) 3D plot, (b) contour plot for desirability versus sliding 
velocity and load. 
5 Conclusions 
In this study, mathematical models have been proposed 
to predict the tribological behavior (WR, the average 
coefficient of friction (μa), and the maximum contact 
temperature (TM)) of varied cryogenically treated HDS 
H13 against cold-work steel AISI D3 under a different 
set of operating parameters. Furthermore, optimal 
conditions are identified for the minimum WR. The 
major conclusions drawn from this study are: 
The present study demonstrates that the soaking 
time of 21 h at −184 °C for HDS H13, is the optimum 
soak time to have the maximum wear resistance. 
The parameter sliding velocity (C) influences the 
WR more in comparison to the second parameter load 
(B). The first parameter of the study (type of treatment) 
treatment ATC2(21)T gives the optimal set of conditions 
possessing the highest desirability value (0.891) and 
is selected for the desired response, which is: load: 60 N; 
sliding velocity: 0.687 m/s; WR: 1.73 × 10−4 gm/m; average 
coefficient of friction (μa): 0.18; and maximum contact 
temperature: 26.46 °C. 
The CT enhances the wear resistance of HDS H13 
in comparison to the CHT, up to the holding time of 
21 h at −184 °C, beyond this it shows a decrease with 
further increase in the soak time. 
The morphology of worn surfaces of cryogenically 
treated samples changes from mild to severe as the 
sliding velocity and applied load increases in the 
chosen set of parameters for the experiment. 
Wear debris has the shape of a plate-form of metal 
and appeared to delaminate from the samples surface 
due to sub-surface cracks and plastic deformation. 
An average error of 9%, 3%, and 8% exists in the 
experimental and theoretical results obtained using 
the model equations for WR, the average coefficient  
of friction (μa) and the maximum contact temperature 
(TM) respectively. 
The experimental values are in reasonable agreement 
with the predicted response values in the case of 
optimization. The variations between the experimental 
and the predicted results are of the order of 8.7%, 
3.2%, and 7.4% for the WR, the average coefficient   
of friction, and the maximum contact temperature, 
respectively, for the selected optimized treatment type 
ATC2(21)T. 
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